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Investigation of competitive adsorption is carried out using the Xe–Ar mixture in zeolite NaA as a
model system. The Xen clusters are trapped in the alpha cages of this zeolite for times sufficiently
long that it is possible to observe individual peaks in the NMR spectrum for each cluster while the
Ar atoms are in fast exchange between the cages and also with the gas outside. The129Xe nuclear
magnetic resonance spectra of 12 samples of varying Xe and Ar loadings have been observed and
analyzed to obtain the129Xe chemical shifts and the intensities of the peaks which are dependent on
the average argon and xenon occupancies. The detailed distributions,f ~XenArm!, the fractions of
cages containingn Xe atoms andm Ar atoms cannot be observed directly in this system, that is,
individual peaks for XenArm mixed clusters are not observed in the NMR spectrum. This
information is, however, convoluted into the observed129Xe chemical shifts for the Xen peaks and
the distributionsPn , the fraction of cages containingn Xe atoms, regardless of the number of Ar
atoms, obtained from their relative intensities. Grand canonical Monte Carlo~GCMC! simulations
of mixtures of Xe and Ar in a rigid zeolite NaA lattice provide the detailed distributions and the
average cluster shifts, as well as the distributionsPn . The agreement with experiment is reasonably
good for all 12 samples. The calculated absolute chemical shifts for the Xen peaks in all samples at
300 K range from 75 to 270 ppm and are in good agreement with experiment. The GCMC results
are compared with a strictly statistical model of a binary mixture, derived from the hypergeometric
distribution, in which the component atoms are distinguishable but equivalent in competition for
eight lattice sites per cage under mutual exclusion. The latter simple model introduced here provides
a limiting case for the distributions, with which both the GCMC simulations and the properties of
the actual Xe–Ar system are compared. ©1996 American Institute of Physics.
@S0021-9606~96!50904-X#

INTRODUCTION

Microporous solids, zeolites in particular, are widely
used in heterogeneous catalytic processes, separations, oil
recovery, and other industrial processes.1–3 A microscopic
understanding of elementary processes at surfaces, such as
adsorption and diffusion is an important fundamental prob-
lem and may assist in interpreting more complicated surface
chemistry. A simple rare-gas physisorption system is a good
starting point to investigate the distribution and dynamic be-
havior of adsorbed species. For our model system we have
chosen zeolite NaA. This is an aluminosilicate of formula
Na12@~SiO2!12~AlO2!12# whose crystal structure is well char-
acterized. The framework structure provides a simple cubic
arrangement of contiguous large cages~alpha cages!. A Na1

ion in each of the six windows to the cages keep the Xe
atoms adsorbed inside for sufficiently long residence times
such that each Xen is observed as a distinct signal in the high
resolution NMR spectrum.

What is the equilibrium distribution of sorbate molecules
in a given microporous solid? What factors influence this

distribution? Until recently,4,5 there had been no experimen-
tal measurements to provide the distribution of molecules in
zeolite cavities. In our laboratory, we have directly observed
in zeolite NaA the fraction of alpha cages containing, one,
two,..., up to eight xenon atoms per cage. This distribution is
found to be dependent on xenon loading and temperature.
Grand canonical Monte Carlo~GCMC! simulations of this
system have reproduced not only the observed distributions
but also the129Xe chemical shift of the individual Xen clus-
ters and their temperature dependence.6 We have also mea-
sured the individual rates of transport of Xe atoms from a
cage containing eight Xe atoms into a cage containing six,
for example, and discovered that it is different from the rate
of transport of a Xe atom from a cage containing three Xe
atoms into a cage containing four atoms,7 as was also found
independently by Pineset al.8

Adsorption and diffusion of single gases in zeolites have
been well studied in comparison to the adsorption of gas
mixtures. Since industrial adsorption processes involve ad-
sorption from streams which have multiple components, and
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since applications of zeolites in separations depend on com-
petitive adsorption, fundamental studies of binary and more
complex mixtures in zeolites is extremely relevant. In early
work, competitive adsorption of O2, CO, CH4, N2 in binary
mixtures in zeolite 5A,9,10 N2 and CO2 in silicalite,11 and
ternary mixtures of N2, O2 and Ar in zeolite 5A

12 have been
reported. More recently, selectivity coefficients in the ad-
sorption of binary mixtures of hydrocarbons and of CO2–N2

in silicalite,13 binary mixtures of N2, O2, and Ar in zeolite
NaCaX,14 binary mixtures of cyclohexane with di-Me-
pentane isomers in silicalite,15 and binary and ternary mix-
tures of di-Me-naphthalene isomers in zeoliteX andY16 have
been found to be strongly dependent on the composition of
the fluid phase. In selected instances,16–18the results of com-
petitive adsorption has been discussed in terms of ideal ad-
sorbed solution theory.19 This theory, which considers the
adsorbed phase to be an ideal solution where Raoult’s law
describes the binary sorption equilibria, is particularly useful
for systems in which the molecular volumes of the compo-
nents are similar.10,11,20The most detailed interpretation of
binary mixtures in zeolites comes from grand Canonical
Monte Carlo simulations, such as those which have been
reported for N2–O2 mixtures in zeolite 5A,

21 for mixtures of
CH4–CO2 and C2H4–CO2 in zeolite X,20 for CH4–N2 in
NaY18,22and for Xe–Ar, CH4 in A-type zeolites.

23 However,
besides the selectivity coefficients, there is little else result-
ing from these simulations that could be compared with ex-
periment.

Changes in the129Xe chemical shifts due to the presence
of other guest molecules in the cavities has raised the possi-
bility of using Xe NMR as a means of characterizing the
intrazeolitic distribution of the guest molecules.24–26 How-
ever, these studies involve having the Xe in fast exchange
and the guest molecules having very long residence times in
the cavities, thus, only a single Xe peak can be observed and
its chemical shift is an average overall cavity occupancies
for the guest and for the xenon atoms. Before any quantita-
tive applications can be made of this method, more detailed
information about the distribution of Xe and the coadsorbate
among the cavities is crucial, yet there have been no studies
that shed light on this question.

What is the role played by coadsorbates in the distribu-
tion of one type of molecule throughout the microporous
solid? In the ideal case, we expect to be able to measure
directly the equilibrium distribution of molecules of one type
in cages containing only one, or exactly two, or some other
known number of molecules of a second type. That is to say,
it would be desirable to measure directly the fraction of zeo-
lite cages containingnA molecules andmBmolecules. Such
detailed information together with the partial pressures or
densities of theA andB in the gas in equilibrium with the
adsorbed phase would provide a more complete description
of competitive adsorption than has ever been available. We
have indeed succeeded in the observation of mixed clusters
XenKrm peaks in the129Xe NMR spectrum of Xe–Kr mix-
tures in zeolite NaA, from which peak intensities the detailed
distributions can be directly obtained.27 However, the range
of Kr occupancies in which this can be done is rather narrow

due to unfavorable cage-to-cage migration rates of Kr for
mixed clusters having more than one Kr atom. In this paper,
we investigate the Xe–Ar competitive adsorption in zeolite
NaA, in which the Ar atoms are in fast exchange while the
Xen clusters remain in the cages during the NMR measure-
ments. These studies cover a broad range of average occu-
pancies and provide detailed information at the intermediate
level since each Xen cluster is observed in the presence of
average numbers of Ar atoms, a different average number for
each Xen cluster size, which we shall denote as@^m&Ar#n . We
obtain the129Xe NMR chemical shifts for each Xen cluster as
well as direct measures ofPn , the fraction of zeolite alpha
cages that containn Xe atoms regardless of the number of Ar
atoms. We report grand canonical Monte Carlo simulations
of this system and also consider a strictly statistical model of
a binary mixture, derived from the hypergeometric distribu-
tion, in which the component atoms are distinguishable but
equivalent in competition for eight lattice sites per cage, sub-
ject to mutual exclusion.

EXPERIMENTAL AND COMPUTATIONAL METHODS

Definitions

Let the fractionf (n,m)[ f ~XenArm! be the fraction of
the alpha cages containingn Xe atoms andm Ar atoms. The
observed intensities of the Xen cluster peaks is related to the
fractions of alpha cages containingn Xe atoms regardless of
the number of Ar atoms, which is given by,

Pn5 (
m50

f ~n,m!.

Note that the fraction of ‘‘empty’’ cages~having zero Xe
atoms and therefore no observable intensity in the129Xe
NMR spectra! includes the truly empty cages as well as all
those occupied by various numbers of Ar atoms,

P05 (
m50

f ~0,m!.

Similarly, if the 129Xe shieldings of mixed clusters XenArm
are known independently, then the average shielding of Xen

in a mixture having average occupancies^n& of Xe and^m&
of Ar is given by,

^s~XenArave!&5 (
m50

s~XenArm! f ~XenArm! Y
(
m50

f ~XenArm!.

The quantity on the left is the observed129Xe shielding for
the Xen cluster including some average number of Ar atoms
under fast exchange, which depends on the overall^n& of Xe
and^m& of Ar in each sample. On the other hand, the129Xe
shieldings in the individual mixed clusters XenArm do not
depend on the Xe or Ar loading, as we may assume from the
observed invariance of the129Xe shieldings for the individual
Xen clusters to Xe loading in the pure xenon adsorbed in
NaA.5 It will be found in this work that the average129Xe
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shielding in the mixed clusters having the same number of
Xe atoms changes monotonically with each additional Ar,
producing what could be considered a progression. Thus this
equation provides a way by which the changes in the ob-
served Xe chemical shifts with loading may be understood.

Because of the progression of the129Xe shieldings with
increasingm in the mixed clusters XenArm , it is helpful to
consider the averagêm&Ar corresponding to only those
cages having specificallyn Xe atoms, which we designate as
@^m&Ar#n . This is, of course, given by

@^m&Ar#n5 (
m50

mf~XenArm! Y(
m50

f ~XenArm!.

At a given temperature, the observed average shielding for
those cages havingn Xe atoms will differ from that observed
for Xen in the pure xenon samples by an amount that is
determined entirely by@^m&Ar#n .

Sample preparation and high resolution NMR

Sample preparation has been previously described.5 Four
mm ~o.d.! tubes are fashioned from ordinary borosilicate tub-
ing, containing a volume of 0.20–0.25 mL, calibrated with
mercury. A known mass of zeolite is introduced~typically 50
mg!, dried for 16 h under ‘‘thin-bed’’ conditions at 350–
400 °C under vacuum. A known number of moles of Xe and
Ar are introduced and the sample is flame-sealed under liq-
uid nitrogen. The mass balance of Xe and Ar between the
adsorbed and gaseous phases can be obtained from NMR
data in an experimental manner. Measuring the intensity of
the Xe signal in the gas phase of the inverted tube~posi-
tioned carefully and reproducibly in the receiver coil! yields
the density of gaseous xenon in the tube. Care must be taken
that the longitudinal relaxation time of the sample is ad-
equately considered. This allows the mass-balance determi-
nation of xenon between the gaseous and adsorbed phases.

Spectra were taken on a Bruker AM-400 spectrometer,
temperature-controlled at 300 K using the1H spectrum of
neat ethylene glycol as a secondary temperature standard.
The spectrometer was run unlocked~magnet drift is negli-
gible! with the field adjusted so that the resonance frequency
of the methylene group of ethylene glycol is at 400.139 015
MHz. A pulse width of 22.5ms ~90° pulse! was used with a
10 s relaxation delay. Our earlier magnetization transfer
experiments7 showed us that the experimental relaxation
time of all Xen clusters in a given sample is identical due to
cage-to-cage migration. Thus the relative peak intensities of
Xen in these specific systems are reliable over a wide range
of recycle times. Typically 500–8000 scans were collected
for the spectra of129Xe in the zeolite. Much greater care was
needed with regard to obtaining reliable intensities for the
gas peak where densities may be low and Xe relaxation times
relatively long. 30° pulse widths and recycle delays of 60 s
insure that intensities are reliable within a relative error of
10% even ifT1560 s. In our samples there are heteroge-
neous mechanisms or other minor sources for relaxation for
129Xe in the gas phase, which help to shortenT1. Typical
129Xe high resolution NMR spectra are shown in Fig. 1.

Determination of overall ^n &Xe and overall ^m &Ar

The fractionsPn of cages containingn Xe atoms regard-
less of the number of Ar atoms are observable quantities,
derived from the integrated intensities of the Xen peaks just
as in the pure xenon case.5 The experimental distribution of
occupancies of the alpha cages were obtained by fitting the
spectra to a combination of Lorentzian/Gaussian functions
~GRAMS, Galactic Industries, Salem, NH!. The spectro-
scopic ^n&Xe is directly obtained from the areasAn of the
Xen peaks. If we letg(n) be the fraction ofthose cages
occupied by Xe atomswhich containn Xe atoms,

g~n!5~An /n!(
k51

~Ak /k!,

^n&Xe, spectrosc5 (
k51

kg~k!.

The fraction ofall alpha cagescontainingn Xe atoms,Pn ,
is the same asg(n) when all cages contain at least one Xe
atom. Pn differs from g(n) only very slightly for xenon
loadings^n&Xe.4.0. When thê n&Xe,4.0 the relative inten-

FIG. 1. Typical129Xe NMR spectra of mixtures of Xe and Ar at equilibrium
in dehydrated zeolite NaA. The Xe and Ar loadings in these samples are~a!
^n&Xe51.54, ^m&Ar50.86; ~b! ^n&Xe51.36, ^m&Ar51.65; ~c! ^n&Xe51.22,
^m&Ar53.60; ~d! ^n&Xe51.23, ^m&Ar54.79.
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sities together with the spectroscopic^n&Xe obtained from
them provide the fractions of cages which are occupied by
Xe atoms if the xenon loadinĝn&Xe is known, from xenon
mass balance, for example. The relation between these two
sets of quantities is, of course,

~12P0!5^n&Xe /^n&Xe, spectrosc,

Pn5~12P0!g~n!.

Although mass balance providesP0, it becomes much more
difficult to determine the Xe density in the gas phase accu-
rately because the bulk gas in equilibrium with the adsorbed
atoms is a mixture. For those samples in which the overall
^n&Xe can also be obtained spectroscopically, i.e., when all
cages contain at least one Xe atom, the values of^n&Xe ob-
tained directly from the intensities of the Xen peaks and
those obtained from mass balance should be identical, and
we use the spectroscopic^n&Xe in these cases. For the other
samples, we use the hypergeometric distribution to find the
fraction P0 of empty cages from the spectroscopic^n&Xe .
This procedure then allows us to determine a more accurate
experimental̂ n&Xe for the sample than we can obtain from
Xe mass balance and we shall see later~in the penultimate
figure! that this procedure is entirely justified.

Now, about the determination of the overall^m&Ar in the
Xe–Ar coadsorption in NaA. In principle, given the density
of the Xe in the gas phase outside the zeolite crystallites, and
the129Xe chemical shift of the gas peak, it should be possible
to determine indirectly the density of Ar in the gas phase,
since the129Xe chemical shift behavior in all-gas mixtures of
Xe and Ar has previously been established. The relation is
given by,

s~T,r!5s0~T!1s1~T!Xe–XerXe1s1~T!Xe–ArrAr

1••• ,

wheres~T,r! is the shielding in the gas mixture,s0(T) is the
shielding of an isolated Xe atom,s1(T)Xe–Xe is the second
virial coefficient of the Xe shielding due to Xe–Xe interac-
tions, ands1(T)Xe–Ar is the second virial coefficient of the
Xe shielding due to Xe–Ar interactions, which have previ-
ously been published.28 Using rXe from the intensity of the
gas peak, we could subtract out the Xe–Xe contributions to
the gas peak shift, to leave the Xe–Ar contributions and
thereby calculaterAr . By mass balance of Ar atoms, the
overall^m&Ar can then be obtained. This procedure, however,
would leave all the errors coming from the various measure-
ments~total moles of Ar in the sample, total moles of Xe in
the sample, gas peak intensity, gas peak chemical shift,
s1(T)Xe–Xe, and s1(T)Xe–Ar! in the value of the overall
^m&Ar . This is a particularly severe problem for loŵm&Ar
since the Xe shift due to Xe–Ar interactions is only about a
third of that due to Xe–Xe interactions.28 Therefore, we con-
sidered the following alternative. If we know the average
129Xe chemical shifts of the mixed clusters XenArm ~these
shieldings are averaged only within the cage and are not
affected by the distribution of the Xe and Ar atoms among
the alpha cages! then we can estimate the effective average
number of Ar atoms in the cages containing specificallyn Xe

atoms, that is,@^m&Ar#n , from the experimental chemical
shift of the individual Xen peaks. This is done for each Xen

chemical shift independently. The@^m&Ar#0 ~for the cages
containing no Xe atoms! is obtained by linear extrapolation
from the values for the cages containing Xe2 and Xe1. These
individual @^m&Ar#n are then weighted byPn in computing
the overall̂ m&Ar for the sample, which is used as the experi-
mental value. For this purpose, the shieldings of the mixed
cluster XenArm are obtained from averaging of theab initio-
derived Xe–Xe and the Xe–Ar shielding functions29 within
the cage.

Grand canonical Monte Carlo simulations

The grand canonical ensemble is appropriate for adsorp-
tion systems, in which the adsorbed phase is in equilibrium
with the gas at some specified temperature. The use of a
computer simulation allows us to calculate average macro-
scopic properties directly without having to explicitly calcu-
late the partition function. The grand canonical Monte Carlo
~GCMC! method as applied in this work has been described
in detail earlier,6 so only the aspects involving binary fluid
mixtures will be mentioned here. Cut-and-shifted Lennard-
Jones~12–6! potentials were used to model the interactions
between rare gas–oxygen and rare gas–Na. These effective
potentials describe the interaction between the adsorbed fluid
and the zeolite; the Si and Al atoms are not directly involved
in the simulation, their influence being incorporated into the
parameters of the rare gas–oxygen potential, which are de-
pendent on the Si/Al ratio. The Xe–O and Xe–Na param-
eters are unchanged from our previous work on Xe in NaA.6

The Ar–O and Ar–Na parameters were obtained by adjusting
to the adsorption isotherms of pure argon in NaA at 195 K
and 303 K,30,31starting from the initial parameter set used by
Kiselev and Du for NaX.32 The setr 053.0 Å, e/k5159.24 K
for Ar–O and r 053.236 Å, e/k535.82 K for Ar–Na gives
simulated adsorption isotherms that are in good agreement
with experimental data at both temperatures. The Xe–Xe po-
tential used is of the Maitland–Smith form, as described in
our previous simulations of Xe in NaA, fitted to the best
available Xe–Xe potential of Aziz and Slaman.6,33 Likewise
the Xe–Ar and the Ar–Ar potentials were taken from the
best available potentials of Azizet al.,34,35 and fitted to the
Maitland–Smith form. The values ofm andg were initially
taken from the recommended set of Maitlandet al.36 Final
values used in this work arem513, g58.0 for Xe–Ar and
m513, g57.5 for Ar–Ar. A minimum separation was im-
posed on all pairs of interacting atoms, corresponding to the
distance at which the potential energy is equal to 5kT, the
probability of configurations involving shorter distances be-
ing less than exp~25!. This is employed to save computa-
tional time by excluding configurations that are extremely
unlikely. The simulation box is a unit cell of zeolite NaA,
with the atomic coordinates, including the Na cations, taken
from the x-ray single crystal refinement of the dehydrated
zeolite by Pluth and Smith.37 This is unchanged from our
previous work.6 Periodic boundary conditions were imposed
using the minimum image convention, consistent with the
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cut-and-shifted potentials employed.38 The Markov chain is
constructed using the Norman–Filinov method, that is, using
three equally weighted types of moves, one involving dis-
placement of a particle, and two moves randomly chosen
from destruction or creation of a particle,39 a technique used
by Woods and Rowlinson40 and in our previous work.6 The
core of the program effects the creation/destruction and dis-
placement of one atom at a time and calculates the associated
energy change,DU in each case. This is used to continu-
ously update the total configurational energy of the system,
without having to recalculate every interaction at every step.
The displacement step uses the adsorbed phase composition
in the choice of either fluid. The creation/destruction step
begins with the decision to either create or destroy a particle.
If the decision is to destroy a particle~that is, the particle is
assumed to go into the gas phase! the choice between de-
stroying an atom of Xe or Ar is made proportionately to the
gas phase composition, i.e.,rXe andrAr . If the decision is to
create a particle~i.e., remove it from the bulk gas and place
it in the zeolite!, the choice of creating an atom of Xe or Ar
is made according to the gas phase composition. A single
atom of the chosen fluid is then created at a random position
in the zeolite. Therefore, it is necessary to knowa priori the
ratio of the gas densities in equilibrium with the adsorbed
phase before the simulation starts. This is easily done by first
calculating the chemical potential of the Xe and the Ar ap-
propriate to the temperature and densities in the gas mixture,
using the virial coefficients,

m12m1
052RT~r1B111r2B12!1RT ln~r1 /r

0!,

m22m2
052RT~r2B221r1B12!1RT ln~r2 /r

0!.

These values of the chemical potential are the same for the
adsorbed phase with which the gas mixture is in equilibrium.
These chemical potentials, the temperature, and the mole
fraction of Xe in the gas are the parameters of a GCMC
simulation. Consistent with the above equations, the pressure
of the gas is calculated using the virial equation of state,

P5RT~r1r1
2B1112r1r2B121r2

2B22!

and the configurational energy of the bulk gas mixture is
calculated by

Ugas52RT2r@y1
2~dB11/dT!12y1y2~dB12/dT!

1y2
2~dB22/dT!#,

where y1 and y2 are the mole fractions in the binary gas
mixture. The virial coefficients used in this work were taken
from Dymond and Smith41 and Brewer42 and are reproduced
by the Maitland–Smith potential functions used here.

The 129Xe shielding, like the energy, is taken to be ex-
pressible as a sum of pairwise contributions, using atom–
atom shielding functions that are likewise cut and shifted.
The Xe–O and Xe–Na shielding functions are based onab
initio calculations on model systems and are the same as was
used in our previous work.6 The Xe–Xe and the Xe–Ar
shielding functions are based onab initio calculations and
are taken from Ref. 29. These have been shown to reproduce

reasonably well the temperature dependent density coeffi-
cients of the129Xe chemical shifts for pure xenon gas and for
Xe in Ar gas mixtures. At each step in the simulation at
which the atom–atom interaction energy is calculated, the
shielding contribution is calculated too, when one of the at-
oms involved is a xenon atom. Since the shielding functions
go to large negative values at close approach, it is quite
important to have Xe–Xe and Xe–Ar potentials that have the
correct behavior at these short distances, especially close to
r 0. This is the reason for using accurate two-body potentials
rather than Lennard-Jones for Xe–Xe and Xe–Ar. The
Maitland–Smith form provides a superior fit to the best Aziz
potentials and is just as inexpensive as the Lennard-Jones
form in computational overhead.

The results of the GCMC simulations are analyzed to
provide the usual one-body distribution functions, pair distri-
bution functions, and occupancies. In addition, the average
shieldings for individual mixed clusters XenArm , which are
independent of loading, are accumulated over all the GCMC
runs, as well as the averages for Xen clusters for each
~m1,m2,T!. All calculations reported here were carried out on
IBM RISC/6000~models 560 and 365! workstations.

RESULTS

The experimental and simulation results reported here
are for twelve samples equilibrated at 300 K. Just as for pure
Xe in NaA, the exchange rate for Xe atoms from one cage to
another is slow enough that distinct assignable peaks corre-
sponding to 1,2,3,...8 Xe atoms in a cage are observed. The
peaks corresponding to then Xe atoms in an alpha cage in
the Xe and Ar mixture in NaA have the same line widths as
the Xen peaks observed in pure Xe in NaA; the Ar appears to
be in fast exchange at 300 K in these samples. Typical spec-
tra are shown in Fig. 1. Note how the Xen chemical shifts
change with Ar loading. In Tables I and II and Fig. 2 and 3
we present the experimental results for the twelve samples
with various loadings of Xe and Ar in zeolite NaA.

Experimental 129Xe chemical shifts and distributions
of xenon atoms

The distributions, the fractionsPn of the alpha cages
containingn Xe atoms, which have been obtained from the
peak intensities, are given in Table I and in Fig. 2. The gen-
eral trend observed in the distributions is thatPn is largely
determined bŷ n&Xe , and only secondarily bŷm&Ar , if at
all.

The 129Xe chemical shifts for Xen clusters are given in
Table II and in Fig. 3. We report the difference in chemical
shift between the Xen peak in the Xe–Ar mixture in NaA and
the Xen peak in pure xenon in NaA as
$^s~XenArave!&2^s~Xen!&%, to more effectively illustrate the
effects of the coadsorption. For a given sample, the larger the
number of xenon atoms in the cluster the smaller the chemi-
cal shift relative to the Xen in pure xenon in NaA. We note in
Fig. 3 that in comparing samples with different Ar loadings,
the larger the cluster, the smaller the change in
$^s~XenArave!&–^s~Xen!&% with increasing overall̂ m&Ar of
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the sample. For every Xen , the shielding in the presence of
Ar relative to the Xen cluster in pure Xe,
$^s~XenArave!&2^s~Xen!&% becomes more negative with in-
creasinĝm&Ar . This change becomes more exaggerated with
increasinĝ n&Xe : in Fig. 3, note the difference between the
low ^n&Xe points~s! and the higĥ n&Xe points~d!. That is,
the129Xe chemical shifts relative to the pure xenon Xen clus-
ter are largely determined by the overall^m&Ar and only
secondarily determined bŷn&Xe in mixtures of Xe and Ar in
zeolite NaA. In contrast, the average cluster shifts^s~Xen!&
observed in pure xenon in NaA are completely independent
of ^n&Xe . This secondary dependence of the129Xe chemical
shifts in mixtures of Xe and Ar in zeolite NaA on ^n&Xe is a
very interesting feature of coadsorption which we will ex-
plore in detail.

Grand canonical Monte Carlo simulations

GCMC simulations were carried out for mixtures of
various gas phase compositions~m1,m2,T!, and the simula-
tions most closely matching the experimental values of^n&Xe
and ^m&Ar are shown here for comparison with experiment.
Each experimental sample has about 231019 alpha cages,
whereas the GCMC simulations provide typically 2.43107

properly weighted snapshots of alpha cages. The fractions of
alpha cages containingn Xe atoms obtained from the simu-
lations are shown in Table I and Fig. 2. The simulations also
provide the average number of Ar atoms associated with
each individual Xen and these are shown in Table III. The
results of the129Xe shielding calculations for the Xen clusters
in the Xe–Ar mixture in NaA in the GCMC simulation are

TABLE I. The Xe distribution in mixtures of Xe–Ar in NaA: Pn , the fractions of alpha cages containingn Xe
atoms.

Experimental
Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

0.425 0.391 0.139 0.038 0.007 0.00 0.00 0.00 0.00 0.81 1.24
0.266 0.396 0.221 0.088 0.030 0.00 0.00 0.00 0.00 1.22 3.60
0.263 0.395 0.222 0.090 0.031 0.00 0.00 0.00 0.00 1.23 4.79
0.246 0.370 0.259 0.103 0.022 0.00 0.00 0.00 0.00 1.28 2.14
0.226 0.380 0.232 0.132 0.030 0.00 0.00 0.00 0.00 1.36 1.65
0.181 0.363 0.267 0.127 0.046 0.015 0.00 0.00 0.00 1.54 0.86
0.080 0.231 0.308 0.239 0.116 0.027 0.00 0.00 0.00 2.16 2.99
0.069 0.208 0.295 0.257 0.136 0.036 0.00 0.00 0.00 2.29 1.15
0.058 0.204 0.284 0.257 0.139 0.046 0.012 0.00 0.00 2.40 3.09
0.034 0.154 0.233 0.285 0.196 0.080 0.018 0.00 0.00 2.77 1.85
0.00 0.00 0.00 0.00 0.111 0.308 0.403 0.178 0.00 5.65 0.68
0.00 0.00 0.00 0.00 0.00 0.135 0.410 0.375 0.080 6.40 0.17

GCMC results
Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

0.431 0.381 0.148 0.035 0.005 0.0004 0.0000 0.0000 0.0000 0.80 1.21
0.227 0.398 0.269 0.086 0.019 0.001 0.0000 0.0000 0.0000 1.28 3.53
0.255 0.408 0.238 0.074 0.024 0.001 0.0000 0.0000 0.0000 1.21 4.88
0.242 0.376 0.256 0.101 0.023 0.002 0.0000 0.0000 0.0000 1.29 2.11
0.239 0.355 0.260 0.113 0.030 0.001 0.0000 0.0000 0.0000 1.34 1.71
0.184 0.3336 0.285 0.148 0.045 0.005 0.0003 0.0000 0.0000 1.55 0.92
0.071 0.2389 0.323 0.243 0.099 0.022 0.003 0.0000 0.0000 2.14 3.05
0.060 0.1987 0.301 0.266 0.134 0.036 0.004 0.0000 0.0000 2.34 1.20
0.039 0.178 0.307 0.300 0.145 0.028 0.003 0.0000 0.0000 2.43 3.14
0.028 0.1309 0.266 0.303 0.191 0.069 0.011 0.0008 0.0000 2.75 1.88
0.0000 0.0000 0.0006 0.012 0.092 0.317 0.424 0.146 0.009 5.63 0.62
0.0000 0.0000 0.0001 0.0005 0.007 0.106 0.421 0.388 0.079 6.42 0.23

Hypergeometric model results
Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

0.4257 0.3837 0.1513 0.0341 0.0048 0.0004 0.0000 0.0000 0.0000 0.81 1.24
0.2661 0.3831 0.2413 0.0868 0.0195 0.0028 0.0002 0.0000 0.0000 1.22 3.60
0.2624 0.3821 0.2435 0.0886 0.0202 0.0029 0.0003 0.0000 0.0000 1.23 4.79
0.2464 0.3772 0.2526 0.0967 0.0231 0.0035 0.0003 0.0000 0.0000 1.28 2.14
0.2252 0.3690 0.2646 0.1084 0.0277 0.0045 0.0005 0.0000 0.0000 1.36 1.65
0.1808 0.3448 0.2877 0.1371 0.0409 0.0078 0.0010 0.0001 0.0000 1.54 0.86
0.0806 0.2386 0.3089 0.2285 0.1056 0.0313 0.0058 0.0006 0.0003 2.16 2.99
0.0674 0.2161 0.3033 0.2433 0.1220 0.0391 0.0078 0.0009 0.0000 2.29 1.15
0.0576 0.1976 0.2965 0.2541 0.1361 0.0467 0.0100 0.0012 0.0001 2.40 3.09
0.0335 0.1416 0.2623 0.2775 0.1835 0.0777 0.0205 0.0031 0.0002 2.77 1.85
0.0001 0.0011 0.0090 0.0432 0.1298 0.2495 0.2998 0.2058 0.0618 5.65 0.68
0.0000 0.0001 0.0011 0.0092 0.0459 0.1468 0.2936 0.3355 0.1678 6.40 0.17
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compared with the GCMC simulations of pure Xe in the
same simulation box and the resulting differences in shield-
ing $^s~XenArave!&–^s~Xen!&% are shown in Table II. These
differences may be compared directly with experiment, are a
direct measure of the intermolecular effects of Ar, and are
therefore a direct measure of the average number of Ar atoms
in the cage with Xen . It should be noted that when the frac-
tion of cages containing Xen in the sample is small, then the
number of configurations over which the chemical shift is
averaged may not be large enough to obtain a statistically
valid average. The chemical shifts in those cages represented
by Pn,0.005 are shown enclosed in parentheses in Table II
and the chemical shifts in those cages represented by
Pn,0.0005 are not shown at all.

In Fig. 4 the total intermolecular chemical shift mea-
sured relative to the isolated Xe atom, the129Xe chemical

shift for Xen in an alpha cage with an average number of Ar
atoms under fast exchange~which is directly calculated in
the GCMC simulation! is plotted in comparison with the
experimental values measured relative to the same reference.
We see that in an absolute measure, the chemical shifts that
we calculate are in rather good agreement with experiment.

One-body distribution functions are shown in Fig. 5 for
Xe1 in samples with variouŝm&Ar . These correspond to the
probability of finding the center of a Xe atom within a voxel
0.307 Å on the side in the alpha cage. The one-body distri-
bution function of xenon in the alpha cages containing Xe1 is
a good indicator of how the probability distribution of the Xe
atoms in the alpha cage is affected by increasing the number
of Ar atoms in the same cage with it. These probabilities
become more localized~more sharply peaked! with increas-
ing number of Ar atoms in the same cage with the xenon. As

TABLE II. 129Xe chemical shifts,$^s~XenArave!&2^s~Xen!&%, for Xe–Ar mixtures in NaA.

Experimental
Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

25.4 25.8 25.4 25.2 23.6 1.54 0.86
27.3 27.6 27.2 25.6 0.81 1.24

210.7 210.6 29.6 27.9 1.36 1.65
214.0 213.7 212.1 210.2 1.28 2.14
224.9 224.3 222.1 219.0 1.22 3.60
235.4 233.5 229.3 227.1 1.23 4.79
28.6 29.0 28.0 26.7 24.5 2.29 1.15

217.2 216.4 214.7 212.2 28.2 26.7 2.77 1.85
224.8 224.1 221.4 218.3 213.1 2.16 2.99
227.6 226.5 223.6 220.2 214.8 211.4 2.40 3.09

216.8 210.9 27.9 22.3 5.65 0.68
25.9 23.3 21.2 1.1 6.40 0.17

GCMC results
Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

26.0 26.8 26.9 25.5 23.9 1.55 0.92
27.5 27.9 29.5 27.0 0.80 1.21

210.3 212.4 212.5 211.9 ~21.4! 1.34 1.71
214.2 213.9 213.6 211.0 ~26.6! 1.29 2.11
226.1 223.2 222.9 220.8 ~231.6! 1.28 3.53
237.9 235.8 231.0 223.4 ~231.6! 1.21 4.88
28.6 28.5 29.0 26.8 27.2 ~26.6! 2.34 1.20

217.0 216.9 215.7 213.4 29.0 212.7 ~21.0! 2.75 1.88
224.8 224.9 223.5 223.4 223.5 ~224.5! 2.14 3.05
229.3 227.8 225.8 221.1 221.2 ~21.2! 2.43 3.14

214.4 213.6 211.1 26.9 22.9 21.6 5.63 0.62
214.8 27.1 24.8 21.0 22.0 6.42 0.23

Hypergeometric model results
Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^n&Xe ^m&Ar

25.60 25.60 25.50 25.40 24.70 24.50 22.30 0.00 1.54 0.86
27.40 27.30 27.30 27.10 26.20 25.80 23.00 0.00 0.81 1.24

210.90 210.80 210.60 210.30 29.00 28.40 24.20 0.00 1.36 1.65
214.20 214.10 213.90 213.40 211.70 210.70 25.40 0.00 1.28 2.14
225.30 224.80 224.30 223.10 220.10 217.80 29.10 0.00 1.22 3.60
235.60 234.80 233.60 231.80 227.40 223.60 212.10 0.00 1.23 4.79
28.70 28.60 28.50 28.30 27.30 26.80 23.40 0.00 2.29 1.15

215.90 215.70 215.50 214.90 213.10 211.90 26.00 0.00 2.77 1.85
224.30 223.80 223.40 222.30 219.40 217.20 28.70 0.00 2.16 2.99
226.50 226.00 225.40 224.20 221.00 218.50 29.40 0.00 2.40 3.09
212.70 212.60 212.50 212.00 210.50 29.70 24.90 0.00 5.65 0.68
24.50 24.50 24.50 24.40 23.80 23.70 21.90 0.00 6.40 0.17
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the overall^m&Ar is increased, every Xen suffers an increase
in the average number of Ar atoms that coexist in the cage
with it, but the average in specifically those cages containing
only oneXe atom,@^m&Ar#1, changes over the widest range,
as can be seen in Table III. As a consequence of this, what
we see in Fig. 5 is that as the overall^m&Ar increases, the Xe
density distribution becomes more sharply peaked at the ad-
sorption sites. The Ar atoms occupy space within the alpha
cage, limiting the volume available for the Xe atom. As the
number of Ar atoms in the cage increases, the Xe atoms
become more and more restricted to a smaller region of
space, and since the Xe atoms are preferentially adsorbed
over the Ar atoms, this space is preferentially near the ad-
sorption sites. This is obvious in comparing Figs. 5~a!
through 5~c!.

Pair distribution functionsg@r ~Xe–Xe# andg@r ~Xe–Ar!#

are shown in Fig. 6 for Xe2Ar4.254 and Xe4Ar2.068, as typical
examples. These have been obtained specifically from those
Xe atoms in Xen clusters with any number of Ar atoms in a
loading such that there are an average number of 4.254 Ar
atoms associated with Xe2 and 2.068 Ar atoms with Xe4.
When there is at least one other Xe atom in the same alpha
cage, the pair distribution functions provide good compari-
sons among the distribution of Xe–Xe, Xe–Ar, and Ar–Ar
distances. We also obtained one-body distribution functions
and overall pair distribution functions which are averages for
the Xe–Ar mixture at the overall^m&Ar and^n&Xe associated
with a given~m1,m2,T!, but these are averages which are not
nearly as informative as the examples in Fig. 5 and 6.

We also determined some minimum energy configura-
tions for mixed clusters by methods described earlier.43 Start-
ing points for the determination of minimum energy configu-
rations are collected during the GCMC runs by saving the
lowest energy configuration of each mixed cluster found in
the eight cages of the simulation box in each run. These
provide a large number of independent starting configura-
tions for steepest descent method or other methods of locat-
ing the closest local minimum. Some of the starting configu-
rations descend into the same local minimum. For purposes
of illustration we specifically collected configurations of two
mixed clusters Xe2Ar4 and Xe4Ar2. The lowest energy con-
figuration found for each are shown in Fig. 7. There are

FIG. 2. The fractions of alpha cages containingn Xe atoms,Pn , from
experiment and from GCMC simulations. The loadings are as follows: For
the top row,^n&Xe50.81, ^m&Ar51.24 ~GCMC: ^n&Xe50.80, ^m&Ar51.21!;
1.22, 3.60~GCMC: 1.28, 3.53!; 1.23, 4.79~GCMC: 1.21, 4.88!. For the
second row: ^n&Xe51.28, ^m&Ar52.14 ~GCMC: 1.29, 2.11!; 1.36, 1.65
~GCMC: 1.34, 1.71!; 1.54, 0.86~GCMC: 1.55, 0.92!. For the third row:
^n&Xe52.16, ^m&Ar52.99 ~GCMC: 2.14, 3.05!; 2.29, 1.15~GCMC: 2.34,
1.20!; 2.40, 3.09~GCMC: 2.43, 3.14!. For the bottom row:̂ n&Xe52.77,
^m&Ar51.85~GCMC: 2.75, 1.88!; 5.65, 0.68~GCMC: 5.63, 0.62!; 6.40, 0.17
~GCMC: 6.42, 0.23!.

FIG. 3. Experimental 129Xe chemical shifts of Xen ,
$^s~XenArave!&2^s~Xen!&%, for n51 to 4 in mixtures of Xe and Ar in zeolite
NaA for ^n&Xe50.81–1.54~s! and for ^n&Xe52.16–2.77~d!. The curves
are provided merely to guide the eye.
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many interesting aspects of the mixed cluster configurations.
First let us examine the relevant interatomic distances.

These are shown in Table IV with thermin of the pair inter-
action potential for comparison. The lowest energy configu-
ration found for Xe2Ar4 has the characteristic distances
~Structure I! shown in Table IV, although other distinct con-
figurations were found, one only 119 J mol21 above this
~Structure II!. Similarly, the lowest energy configuration
found for Xe4Ar2 has the characteristic distances shown
~Structure II! but there are several other configurations only
14–90 J mol21 above this one which has only very slightly
different distances~a typical one is Structure I! shown in
Table IV. Just as was found for the pure Xen clusters, there
are usually several nearly equivalent configurations which

differ only in their orientation relative to the alpha cage, but
which maintain the same or very nearly the same Xe–Xe,
Xe–Ar, and Ar–Ar distances.

Let us first consider the mixed cluster Xe2Ar4. The
Xe–Xe distance at 5.03 Å is longer than the typical nearest
Xe–Xe distances in the pure Xen clusters in zeolite NaA at
their minimum energy configurations, 4.2 and 4.7 Å for Xe2,
for example.43 We had found earlier that the distances be-
tween the 11 adsorption sites~3.6, 5.1, 6.2, and 7.2 Å! make
it energetically unfavorable for two Xe atoms to be in regis-
ter with the Xe–zeolite potential minima and simultaneously
be 3.6 Å apart. The large Xe–Xe repulsive energies at such
close separations is relieved by a compromise arrangement
in which the Xe–Xe distance is within thermin of the Xe2

TABLE III. Average number of Ar atoms in the same alpha cage with Xen , @^m&Ar#n , for Xe–Ar mixtures in
zeolite NaA.

Estimated from experiment Overall

Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^m&Ar ^n&Xe

0.98 0.92 0.86 0.67 0.52 0.30 0.86 1.54
1.33 1.22 1.12 0.89 0.56 1.24 0.81
1.99 1.75 1.51 1.17 0.79 1.65 1.36
2.58 2.25 1.93 1.44 1.02 2.14 1.28
4.28 3.74 3.20 2.48 1.83 3.60 1.22
5.80 5.00 4.19 3.18 2.49 4.79 1.23
1.55 1.43 1.30 0.99 0.67 0.38 1.15 2.29
3.19 2.73 2.26 1.73 1.20 0.69 0.40 1.85 2.77
4.28 3.73 3.18 2.42 1.76 1.10 2.99 2.16
4.71 4.08 3.44 2.63 1.94 1.22 0.67 3.09 2.40

1.63 0.92 0.47 0.14 0.68 5.65
0.50 0.20 0.07 0.00 0.17 6.40

GCMC results Overall
Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^m&Ar ^n&Xe

1.02 0.99 0.90 0.77 0.56 0.36 0.92 1.55
1.28 1.20 1.10 0.89 0.65 1.21 0.80
1.96 1.80 1.59 1.34 1.11 0.93 1.71 1.34
2.40 2.21 1.95 1.62 1.25 0.83 2.18 1.29
4.19 3.71 3.15 2.52 2.01 1.47 3.53 1.28
5.73 5.07 4.33 3.39 2.68 1.47 4.88 1.21
1.59 1.50 1.31 1.08 0.80 0.53 0.23 1.20 2.34
2.74 2.58 2.23 1.81 1.36 0.88 0.63 1.88 2.75
4.24 3.68 3.16 2.54 1.99 1.38 1.00 3.05 2.14
4.57 4.02 3.42 2.84 2.10 1.38 0.25 3.14 2.43

1.54 1.21 0.87 0.43 0.22 0.06 0.62 5.63
0.91 0.56 0.26 0.13 0.06 0.23 6.42

Hypergeometric model results Overall
Xe0 Xe1 Xe2 Xe3 Xe4 Xe5 Xe6 Xe7 Xe8 ^m&Ar ^n&Xe

1.061 0.9286 0.7960 0.6633 0.5307 0.3980 0.2653 0.1327 0.0000 0.86 1.54
1.379 1.206 1.035 0.8616 0.6893 0.5170 0.3446 0.1723 0.0000 1.24 0.81
1.983 1.735 1.487 1.239 0.9916 0.7437 0.4958 0.2479 0.0000 1.65 1.36
2.548 2.230 1.911 1.593 1.274 0.9556 0.6371 0.3185 0.0000 2.14 1.28
4.247 3.716 3.185 2.654 2.123 1.592 1.062 0.5308 0.0000 3.60 1.22
5.658 4.951 4.244 3.536 2.829 2.122 1.415 0.7073 0.0000 4.79 1.23
1.607 1.406 1.205 1.004 0.8035 0.6026 0.4018 0.2009 0.0000 1.15 2.29
2.824 2.471 2.118 1.765 1.412 1.059 0.7060 0.3530 0.0000 1.85 2.77
4.099 3.586 3.074 2.562 2.049 1.537 1.025 0.5123 0.0000 2.99 2.16
4.420 3.867 3.315 2.762 2.210 1.657 1.105 0.5525 0.0000 3.09 2.40
2.300 2.013 1.725 1.438 1.150 0.8626 0.5751 0.2875 0.0000 0.68 5.65
0.8600 0.7525 0.6450 0.5375 0.4300 0.3225 0.2150 0.1075 0.0000 0.17 6.40
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potential function while each Xe is still within an rms dis-
tance of 0.2 Å of one of the 11 adsorption sites of a single Xe
atom in the alpha cage. In the mixed cluster Xe2Ar4, on the
other hand, the distances between the Xe atoms and the clos-
est adsorption site are 0.001 and 0.003 Å, much shorter than
any of the typical Xe-to-adsorption site distances at the mini-
mum energy configurations of various Xen in the absence of
Ar.43 The Xe in the mixed clusters have the opportunity to sit
much closer to the adsorption site of a single Xe atom in the
alpha cage than they do in the pure Xen clusters. In both
Xe2Ar4 and Xe4Ar2 the Ar atoms are found 0.019–0.048 Å
from the adsorption sites of a single Ar atom in NaA. In
Xe2Ar4, each Xe and Ar atom is closer to its adsorption sites
than either Xe or Ar in the pure clusters Xen and Arm . Struc-
ture I has six short~3.93–3.97 Å! and two long~6.60–6.61
Å! Xe–Ar distances while Structure II has four short and
four long distances in the same ranges. To accompany these,
Structure I has two short and four long Ar–Ar distances,
Structure II has four short and two long distances. Neverthe-
less, all low energy configurations of mixed clusters Xe2Ar4

FIG. 4. The129Xe chemical shifts of Xen in Ar under fast exchange in
zeolite NaA, obtained from GCMC simulations compared with experimental
values. The shifts are relative to the isolated Xe atom.

FIG. 5. Normalized one-body distribution functions for Xe1 in cages having~a! ^m&Ar50.73, ~b! ^m&Ar53.33, ~c! ^m&Ar55.07 at 300 K. The slices at levels
12, 16, 20, and 24 of the 40340340 stored distributions correspond to planes atz53.7365 Å,z54.982 Å,z56.2275 Å,z57.473 Å of the pseudo unit cell
which is 12.2775 Å on a side. The asymmetry of the picture in level 24 is due to the location of Na~III ! inside the cage.
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are found to be close to the wall of the zeolite cage, as seen
in the example in Fig. 7.

Let us now consider the mixed cluster Xe4Ar2. There are
several equivalent configurations~Structure I! which differ
only in their orientation with respect to the alpha cage and
have essentially identical interatomic distances. There are
four favorably short Xe–Xe distances~4.2–4.6 Å!, five short
Xe–Ar distances~3.93–3.98 Å!, but an unusually long
Ar–Ar distance~7.2 Å!. Another configuration with nearly
identical energy~Structure II! has three Xe–Xe distances in
the range 4.8–5.0 Å, six favorably short Xe–Ar distances
~3.9–4.1 Å! and a favorable Ar–Ar distance~3.81 Å!. This
structure has three Xe atoms very close to the adsorption
sites but one is an unusually large distance away~2.83 Å!.

The minimum energy structures for selected mixed clus-
ters in Fig. 7 agree with what we see in the average one-body
and pair distribution functions at 300 K, as shown in Figs. 5
and 6. As we have seen already, in the example of Structures
I and II of the Xe4Ar2 cluster, there are many local minima in
the potential surface of a mixed cluster with different com-
binations of Xe–Xe, Xe–Ar and Ar–Ar distances. The aver-
age pair distribution functions at 300 K, such as those seen in
Fig. 6 reflect the average over three million configurations
out of which we have selected the ones having Xe2 and Xe4
only, and the average number of Ar atoms in the same alpha
cage are respectively 4.254 and 2.086. The Xe–Xe distance
in the minimum energy configuration of Xe2Ar4 ~5.0 Å! and

the short Xe–Xe distances in the minimum energy configu-
ration of Xe4Ar2 ~4.8–5.2, 6.1 Å!, are somewhat longer than
the position of the first maximum~at ca. 4.2 Å! in the
g@r ~Xe–Xe!# of Xe2Ar4.254 at 300 K shown in Fig. 6. The
next nearest Xe–Xe distances in the Xe4Ar2 minimum en-
ergy configuration are close to the second maximum at 6.3 Å
in theg@r ~Xe–Xe!# of Xe4Ar2.068 at 300 K. The Xe–Ar dis-
tances in Xe2Ar4 ~3.9 and 6.6 Å! are close to the positions of
the maxima at 3.8 and 6.5 Å in theg@r ~Xe–Ar!# of
Xe2Ar4.254at 300 K shown in Fig. 6. The Ar–Ar distances in
the minimum energy configuration of Xe2Ar4 ~3.9–4.0, 5.5–
6.1 Å! are likewise close to the positions of the maxima in
the typicalg@r ~Ar–Ar!# of the mixture at 300 K~not shown!.
Although we have not presented a minimum energy configu-
ration for each of the mixed clusters observed in the alpha
cages during the GCMC simulation, the typical configura-
tions have interatomic distances that are reflected in the pair
distribution functions and the one-body distribution func-
tions used as examples in Figs. 5 and 6. These molecular-
level details provide the background in which the average
129Xe chemical shifts observed for the Xen peaks under vari-
ous Xe and Ar loadings in NaA may be understood.

Of interest also are the much lower energies associated
with the Xe4Ar2 cluster in the zeolite cage~2126.5
kJ mol21! than for the complementary 6-particle cluster
Xe2Ar4 ~2105.4 kJ mol21!. We shall see later that there are

FIG. 6. Pair distribution functions in an alpha cage containing Xe2Ar4.254
and Xe4Ar2.068. The average number of Ar atoms accompanying Xe2 and
Xe4 are as indicated. FIG. 7. Minimum energy configurations for the mixed clusters Xe2Ar4 and

Xe4Ar2.
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important consequences of these not unexpected GCMC re-
sults which are manifested in the experimentally observed
distribution and129Xe chemical shifts in the coadsorbed sys-
tem in NaA.

DISCUSSIONS

The statistical (hypergeometric) distribution of a
binary mixture of distinguishable but equivalent
atoms

A simple model for the distribution of molecules in the
cages of a zeolite is the hypergeometric distribution.44 By
assuming that molecules occupyK mutually exclusive lattice
sites in the subvolume~alpha cage!, for N molecules in a
volumeV, the probabilityHi that any subvolume containsi
molecules has been derived,45

Hi5
~ i
N!~K2 i

M2N!

~K
M !

,

whereM is the number of subvolumes in the volumeV and

SMK D5
M !

K! ~M2K !!
.

In the limit where the number of subvolumes andN are very
large, it can be shown that the above expression approaches
the limiting form,5

Hi5^ i & i~K2^ i &!~K2 i !K!/KKi ! ~K2 i !!,

where^ i &5N/M5the average number of molecules per sub-
volume. In the case of xenon in the alpha cages of zeolite
NaA, it can be assumed thatK58 is a reasonable model
since the Xe8 cluster has been observed but not Xe9.

We can derive a simple model for binary mixtures in
which the two components are distinguishable but equiva-
lent, that is, they compete equally for the same lattice sites
under the rule of mutual exclusion. We consider blue and red
particles in a binary mixture containing an average number,
^n&, blue particles per alpha cage and an average number,
^m&, red particles per alpha cage. The intrinsic probability of
finding a blue particle iŝn&/(^n&1^m&) and the number of
ways of arrangingn blues andm reds is (n1m)!/n!m!
Thus, the fraction,f (n,m), of alpha cages containing specifi-
cally n blues andm reds is simply related to the fractionsHi

wherei5n1m, that is,

f ~n,m!5
Hi^n&n^m&m

n!m!(
k50

n

@^n&k^m& i2k/k! ~ i2k!! #

,

where,Hi is the fraction of cages havingi particles regard-
less of color, given by the equation above. Supposing that
only blue particles can be observed, we wish to know the
fraction, Pn , of cages containing specificallyn blue par-
ticles, regardless of the number of red particles with it, which
is given by,

Pn5 (
m50

f ~n,m!,

just as in the realistic case. In this simple model, it is trivial
to calculate f (n,m) for any average occupancies^n& and
^m&. This simple model is a limiting statistical case for coad-
sorption which strictly applies only when the two sorbates
are equivalent in the hypergeometric distribution, for ex-
ample two different isotopes such as131Xe and129Xe. For Xe
and Ar in an alpha cage of zeolite NaA, there are different
numbers of maximum occupancies for Xe and Ar, 8 for Xe
and probably 11 for Ar, so this statistical model is not valid.
Nevertheless, it serves as a means of gaining insight into the
complex problem of detailed distributions of adsorbates in
competitive adsorption and also provides a limiting case with
which we may compare the more realistic GCMC simula-
tions. For example, with thef (n,m) estimated from the
model hypergeometric distribution for a sample of arbitrary
loading of Xe and Ar, the average properties of the system
can be calculated. The similarities in trends~with loading!
between the GCMC and the hypergeometric distribution
based on the strictly statistical ideal mixture can be attributed
to the properties of the latter, whereas the differences be-
tween their trends can be attributed to the non-ideal nature of
the mixed adsorbates. For example, Fig. 8 shows the depen-
dence off (n,m) on n andm for selected values of̂n& and
^m&, compared with the results of GCMC simulations for the
same overall̂ n& and ^m&.

We have already mentioned that the129Xe chemical shift
observed for the cages containingn Xe atoms in the samples
of adsorbed Xe–Ar mixtures relative to that in the adsorbed
pure xenon samples is determined entirely by the average

TABLE IV. Distances in the minimum energy configurations of two mixed clusters, Å.

Pair

rmin
of
pair

Xe2Ar4 Xe4Ar2

Structure I Structure II Structure I Structure II

Nearest Next
nearest

Nearest Next
nearest

Nearest Next
nearest

Nearest Next
nearest

Xe–Xe 4.363 5.03 4.82 4.25–4.59 6.2–6.3 4.8–5.2 6.1–7.1
Xe–Ar 4.067 3.91–3.97 6.60 3.98–4.05 6.56–6.64 3.93–3.98 5.7–7.6 3.94–4.10 6.50–6.55
Ar–Ar 3.761 3.88–3.90 5.5–7.2 3.86–3.90 5.44–5.53 7.17 3.81
Xe sitea 0.0 0.001 0.003 0.029 0.036 0.045–0.047 0.36–0.47 0.003–0.035 2.83
Ar sitea 0.0 0.019–0.020 0.040–0.048 0.019–0.025 0.056 0.003 0.020 0.012 0.047

aDistance of Xe or Ar in the mixed cluster to the minimum energy sites for an single Xe or Ar in NaA.
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@^m&Ar#n for those cages. Therefore, let us examine@^m&Ar#n
using the strictly statistical hypergeometric distribution of
distinguishable equivalent components. We find the expected
trends: First of all, for a given sample,@^m&Ar#n decreases
with increasingn. That is, the largest@^m&Ar#n is for those
cages containing no Xe atoms, and the smallest is for those
cages containing 7 Xe atoms. Of course,@^m&Ar#n is exactly
zero for those cages containing 8 Xe atoms, since we assume
only 8 lattice sites. This trend is easily explained: for a given
sample, there is a given number of Xe atoms and Ar atoms to
be distributed among the cages; those cages with fewer Xe
atoms have more sites for Ar atoms than the cages occupied
by a larger number of Xe atoms. A second trend is observed
in comparing several samples, for a given^n&Xe , increasing
the overall̂ m&Ar leads to larger@^m&Ar#n for each Xen . This
is what we may call the primary effect. In the examples
shown in Table V, calculated for the ideal mixture model of
distinguishable but equivalent blue~representing Xe atoms!
and red atoms~representing Ar!, the average@^m&Ar#n for
those cavities containing a particular number of Xe, say Xe2,
is increasing in the following order: 0.857, 1.71, 2.57, 3.43,
4.29 as the overall̂m&Ar varies from 1.0 to 5.0. This trend
holds for every cluster. This comes about naturally from the
fixed total number of Xe atoms distributed into the cages,
leaving a fixed number of sites into which the increasing
total number of the Ar atoms have to distribute themselves.

A third trend is an increase in the@^m&Ar#n for those
cavities containing a particular number of Xe atoms, as the
overall ^n&Xe increases while keeping the overall^m&Ar the
same for all samples. We may call this a secondary effect. As
the ^n&Xe increases, there is an increase in the@^m&Ar#n for
everyXen . For example, in Table V, for Xe2, the@^m&Ar#2 is
increasing in the following order: 0.857, 1.00, 1.20, 1.50, 2.0
as ^n&Xe varies from 1.0 to 5.0. This trend holds for every
cluster. The explanation for this trend is somewhat less ob-
vious. Consider a fixed number of Ar atoms to distribute
among a fixed number of cages. At low^n&Xe , the Ar atoms
are distributed among cages having few Xe atoms, so
@^m&Ar#n is relatively low for alln. At high loading of Xe, the
same fixed number of Ar atoms will be distributed among
cages containing many Xe atoms and there are virtually no
cages containing 0, 1, or 2 Xe atoms; that is, the probability

FIG. 8. The distributionf (n,m) as a function of (n,m), for ^n&Xe51.23,
^m&Ar52.08 ~top!, ^n&Xe52.43, ^m&Ar53.14 ~middle!, and ^n&Xe54.19,
^m&Ar52.46 ~bottom! calculated from the hypergeometric distribution and
from GCMC simulations.

TABLE V. Distributions in an ideal mixture of distinguishable equivalent particles competing for eight lattice
sites under mutual exclusion.

Overall
^n&blue

Overall
^m& red

Average number of red atoms in a subvolume withn blue atoms,@^m& red#n

n50 1 2 3 4 5 6 7 8

1.0 1.0 1.143 1.0 0.8571 0.7143 0.5714 0.4286 0.2857 0.1429 0
1.0 2.0 2.286 2.0 1.714 1.429 1.143 0.8571 0.5714 0.2857 0
1.0 3.0 3.429 3.0 2.571 2.149 1.714 1.286 0.8571 0.4286 0
1.0 4.0 4.571 4.0 3.429 2.857 2.286 1.714 1.143 0.5714 0
1.0 5.0 5.714 5.0 4.286 3.571 2.857 2.143 1.429 0.7143 0
2.0 1.0 1.333 1.167 1.0 0.8333 0.6667 0.5 0.3333 0.1667 0
3.0 1.0 1.6 1.4 1.2 1.0 0.8 0.6 0.4 0.2 0
4.0 1.0 2.0 1.75 1.5 1.25 1.0 0.75 0.5 0.25 0
5.0 1.0 2.667 2.333 2.0 1.667 1.333 1.0 0.6667 0.3333 0
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of the various cage types at high loading of Xe is radically
different from the low Xe loading case. As the^n&Xe varies
from 1.0 to 7.0 the total number of sites available for the
fixed total number of Ar atoms decreases as the sites are
taken up by Xe atoms which are increasing in total number.
The consequence is that the@^m&Ar#n for each Xen cluster
goes up. This secondary effect is clearly shown by the solid
curves in Fig. 9 where a fourth related trend is also observed:
the increase in the@^m&Ar#n for a given Xen cluster as the
overall ^n&Xe increases, while keeping the overall^m&Ar the
same, is less and less pronounced with increasingn. All
these trends are derived from the simple model using the
strictly statistical hypergeometric distribution of distinguish-
able equivalent components. We expect to see these trends
also in the real situation where the Xe and Ar are no longer
equivalent particles as they are in this model.~See below
under Deviations From Ideal Mixtures.!

Since the129Xe chemical shift of the Xen with some
average number of Ar atoms depends on the average number
of Ar atoms in the cage with it, the larger the@^m&Ar#n for
that particular Xen the larger the chemical shift relative to the
Xen in the pure xenon in NaA. Let us see what the strictly
statistical model gives us: In Table V we have a model for
the average@^m&Ar#n for only those cages containing specifi-
cally n Xe atoms while keeping the overall^m&Ar the same
for all samples. This model also leads to the prediction that
when ^n&Xe is approximately the same in several samples,

129Xe chemical shift of the Xen will become larger as the
overall ^m&Ar is increased. This trend is indeed observed ex-
perimentally. It has to do with the general increase in the
@^m&Ar#n for each Xen that we have illustrated in Fig. 9. How
much the Xen chemical shift increases with an increase in the
overall ^m&Ar is almost predictable from the gas phase den-
sity dependence of chemical shifts due to Xe–Ar interactions
compared to Xe–Xe,28 and the known incremental chemical
shift upon increasing the cluster size in the Xe/NaA system.5

Thus the Xen chemical shift in a sample of Xe–Ar in NaA is
expected to have a primary dependence on the overall^m&Ar .
Furthermore, there will be a secondary dependence on the
overall ^n&Xe : Since we have already seen in Fig. 9 the in-
crease in the@^m&Ar#n for each Xen as the overall̂ n&Xe in-
creases while the overall^m&Ar remains fixed, we expect for
strictly statistical reasons to find the individual Xen chemical
shifts relative to the Xen in pure Xe in NaA to increase with
increasing overall̂ n&Xe at fixed overall^m&Ar . Therefore,
the solid curves in Fig. 9, derived from a simple statistical
model, explains in very plain terms why the individual Xen

chemical shifts should vary primarily with overall^m&Ar and
secondarily with overall̂n&Xe , just as observed experimen-
tally. The qualitative trends in the chemical shifts are ob-
served experimentally just as expected from the predictions
of a simple model of distinguishable particles which compete
equally for the same lattice sites. The larger number of sites
per cavity for the Ar atoms and the weaker interactions be-
tween the Ar–Ar compared to the Xe–Xe and Xe–Ar, and
the different adsorption energies of Xe and Ar have not been
taken into account. Quantitative predictions will require a
more realistic model, such as the GCMC simulations. How-
ever, the strictly statistical results offer considerable insight
even at this crude level.

Comparison of the GCMC Xe–Ar distribution with
experiment

In Table I and Fig. 2 we show a comparison of the ex-
perimentalPn with thePn obtained from GCMC simulations
of Xe–Ar mixtures at close to the experimental values of
overall ^n&Xe and overall^m&Ar . The simulations quantita-
tively reproduce the experimental observations for all 12
samples. Another important comparison with experiment is
the @^m&Ar#n associated with each Xen , which determines the
129Xe chemical shift observed for Xen with Ar under fast
exchange in a given sample. The values obtained from the
GCMC simulation are compared in Table III with those es-
timated from the experimental chemical shifts as described
earlier. We find the agreement is quite reasonable, given the
approximations associated with the estimates.

How well does the simple model of distinguishable
equivalent particles do in comparison with experimental es-
timates or the results of the GCMC simulations? The values
predicted by the hypergeometric model are also shown in
Table III. It is even more enlightening to compare the ideal
mixtures with the same overall̂m& red51.0 and various
^n&blue ~shown in Fig. 9 as solid curves! with the GCMC
~results shown as points! for almost the same overall^m&Ar

FIG. 9. The solid curves are the average number of Ar atoms in the same
cage as the Xen cluster, @^m&Ar#n vs overall ^n&Xe for fixed overall
^m&Ar51.00, calculated from the hypergeometric distribution. The points are
the average number of Ar atoms in the same cage as the Xen cluster,@^m&Ar#n
vs overall^n&Xe for almost identical overall̂m&Ar ~0.986–1.013!, calculated
from GCMC simulations.
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~0.986–1.013! and various^n&Xe . The trends are qualita-
tively the same which emphasizes the usefulness of a simple
model. For this low loading of coadsorbate, the simple model
should do very well since at low numbers of Ar the differ-
ence in size between the Xe and the Ar does not significantly
affect the distribution of Ar atoms among the cages contain-
ing Xe atoms. At much higher loading the discrepancies
could be more pronounced. At low overall Ar loading~over-
all ^m&Ar>1.0!, for the exactly same Xe and Ar loading, the
more realistic GCMC model shows that, the ideal hypergeo-
metric mixture predicts too low values of@^m&Ar#n for cages
containing Xe2, Xe3, Xe4, and Xe8, too high@^m&Ar#n values
for cages containing no Xe atoms, Xe6 and Xe7, and a cross-
over from too high to too low@^m&Ar#n with increasinĝ n&Xe
for cages containing Xe1 and Xe5. These differences between
GCMC results and hypergeometric results for exactly the
same overall values of^m&Ar and^n&Xe are due to such com-
plexities of the real system as the different pair potentials for
Xe–Xe, Xe–Ar, and Ar–Ar, the mutual exclusion not neces-
sarily being associated with a fixed number of lattice sites,
and the maximum number of particles that can be accommo-
dated in an alpha cage being variable in the real system,
depending on the kinds of particles. The subtle differences of
up to about 0.3 Ar atoms in a cage compared to the strictly
statistical distribution are due specifically to these factors.
Nevertheless, the observed qualitative trends in the variation
of the Ar occupancies accompanying different Xen clusters
are just as predicted by the ideal mixture model and are
therefore shown to be strictly statistical in origin.

Comparison of GCMC simulations of the average
129Xe chemical shifts in Xe n clusters with Ar under fast
exchange with experiment

One of the interesting experimental observations in
Table II is that the larger the Xen cluster the smaller the
dependence of the129Xe chemical shift on the overall^m&Ar .
This is observed despite the fact that the larger Xen clusters
have larger incremental shifts. The explanation for this is an
obvious one: Xe1 can have any number from 1 to 9 Ar atoms
with it in the cage, and the Xe1 chemical shift can thus vary
over a wide range, according to the@^m&Ar#1 for the cages
containing only one Xe atom, as the overall^m&Ar is varied.
On the other hand Xe7 can have at most 1 or 2 Ar atoms with
it in the cage, no matter how much the overall^m&Ar is
increased. Now let us see how well the GCMC simulations
predict the observed129Xe chemical shifts in the mixture
compared to that in the pure Xe in NaA. In Fig. 4 we com-
pare the experimental Xen cluster chemical shifts in 12 dif-
ferent samples of Xe–Ar mixtures in NaA with the GCMC
simulations of the average chemical shifts in Xe–Ar systems
with close to the same values of overall^n&Xe and overall
^m&Ar as the twelve samples. The agreement with experiment
is reasonably good. These chemical shifts are measured rela-
tive to an isolated Xe atom and are therefore a measure of the
total intermolecular shielding. The shielding difference be-
tween Xen with Ar under fast exchange and Xen alone is a
more stringent test. On an individual one-to-one comparison

in Table II, these simulated shielding differences are in quan-
titative agreement with experiment. The trends with increas-
ing overall ^m&Ar of the shielding differences
$^s~XenArave!&–^s~Xen!&% for samples with overall̂ n&Xe
close to 1, those for overall^n&Xe close to 2, and those whose
Xe loadings are higher yet, are preserved, especially for the
smaller clusters.

Let us now consider the129Xe chemical shifts in the
Xe–Ar mixture compared to that in the pure Xe in NaA
using the f (n,m) from the hypergeometric distribution to
calculate the average Xe shielding under fast exchange of Ar
by the equation,

^s~XenAr^m&!&5 (
m50

s~XenArm! f ~n,m!^n&,^m& Y
(
m50

f ~n,m!^n&,^m&

and compare the quantity on the left side of the equation with
what we observe experimentally. The average shielding of a
mixed clusters~XenArm! is taken from the GCMC simula-
tions. In Table II, we see that the simple model already gives
rough agreement with experimental chemical shifts, espe-
cially for the lower Xe loadings, when the average129Xe
shieldings for the individual mixed clusters XenArm in a cage
are used with thef (n,m) from the simple model. The simple
model does not do as well for the higher Xe clusters, the
chemical shifts for these in the simple model are too large
since the model predicts@^m&Ar#n for each Xen that are too
large. Upon close examination of Table II we find the mag-
nitude of $^s~XenAr^m&!&hyp–^s~Xen&% is somewhat larger
than experiment. The discrepancy relative to experiment gen-
erally increases with increasingn in the same sample and is
generally worse for larger@^m&Ar#n and for larger overall
^n&Xe .

To investigate the strictly statistical components of the
observed changes in the Xen chemical shifts, we make in
Fig. 10 a plot of the chemical shifts for the Xen clusters
calculated for the ideal mixture having the hypergeometric
distribution as a function of overall^m&Ar , analogous to the
experimental plot in Fig. 3, except that, for clarity in Fig. 10
we use two values of overall Xe loading which are the aver-
ages of the experimental ones:^n&Xe51.25 and 2.40,
whereas Fig. 3 reflects the actual experimental Xe loadings:
^n&Xe5~0.81–1.54! and ~2.16–2.77!. In calculating the Xen
chemical shifts by the above equation, only the distribution,
that is thef (n,m) values, have been taken from the simple
model; the average chemical shifts of the individual XenArm
mixed clusters are taken from the averages accumulated dur-
ing the GCMC simulations. The primary effect on the chemi-
cal shift in mixtures of xenon and argon is clearly seen in the
curves in Fig. 10: The chemical shift of each cluster in-
creases with increasing overall^m&Ar due to the general in-
crease in the average number of Ar atoms residing with a
cluster of a given size, as the total number of argon atoms in
the zeolite sample increases. In addition, the averages
^s~XenAr^m&!& calculated in the ideal hypergeometric mixture
model for a fixed̂ m&Ar with a varying^n&Xe show the sec-
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ondary effects of̂ n&Xe on the individual cluster shifts. The
predicted curve corresponding to the higher^n&Xe ~2.40! falls
below the curve corresponding tôn&Xe51.25 for each Xen .
This observed dependence of the Xen cluster shifts on the Xe
loading in the Xe–Ar mixture, in contrast to the invariance
of the Xen cluster shifts with the Xe loading in pure Xe, is a
property of the ideal mixture, so its occurrence is strictly a
statistical phenomenon, not a result of the differences be-
tween Xe and Ar, or their interactions with each other, or
with their different interactions with the zeolite cage. Indeed,
when we superimpose the values from experiment onto the
ideal hypergeometric mixture curves in Fig. 10, we see that
the qualitative features of the experimental data are very
similar to the ideal mixture curves, which further supports

the usefulness of having a simple model. At the same values
of ^n&Xe51.25, the Xen chemical shifts in the presence of Ar
in fast exchange relative to the Xen chemical shifts in the
absence of a second component vary with the overall^m&Ar
in our simple model, just as in the GCMC simulations, and
just as in experiments in Fig. 3, although the wider spread of
the ^n&Xe50.81–1.54 for the experimental data leads to a
somewhat greater scatter. The hypergeometric model shows
non-linear change in the chemical shifts of the individual
Xen as the overall̂ m&Ar increases, and the curvature be-
comes less pronounced asn increases. This has to do with
the nonlinear change in the chemical shifts of129Xe in the
mixed clusters XenArm with the addition of Ar atoms. For
Xe1 and Xe2, the experimental points do fall reasonably
close to the curves for the idealized model. The slopes of the
experimental data systematically become less steep as the
cluster sizen increases, just as predicted by the simple
model. However, while the predicted curves for the Xe1 and
Xe2 peaks are nearly the same as for experiment, the experi-
mental slopes for the higher Xen change much more drasti-
cally with increasingn than those in the hypergeometric
ideal mixture. The latter remain fairly steep throughn57,
unlike the experiment. These detailed differences between
the simple model and the experiment are due to those aspects
of the distribution of unlike particles into the alpha cages that
can be attributed to the differences between Xe–Xe, Xe–Ar,
and Ar–Ar interactions, as well as differences between Xe–
cage and Ar–cage interactions.

Deviations from ideal mixture behavior

We have used the strictly statistical model derived from
the hypergeometric distribution as the limiting case of an
ideal mixture for the case where there are exactly eight lat-
tice sites for which both components are competing. We have
also offered the GCMC simulations as a more realistic de-
scription of the actual system which compares favorably
with experiment. Let us now consider specifically the devia-
tions from the ideal mixture behavior.

First let us consider the distribution of Xe and Ar atoms
among the cages. There are some interesting comparisons in
Table I and Fig. 2:

~a! In the hypergeometric model, for a given^n&blue,
varying ^m& red hasabsolutely no effecton Pn even though
values of f (n,m) changed with the changinĝm& red since
H (n1m) is independent of̂n& and^m&. That is, treating Ar as
competing equally with Xe for the same eight sites leads to
relative spectral intensities that are dependent only on^n&Xe ,
not at all on^m&Ar .

~b! The trends in [Pn] hyp track reasonably well the ex-
perimental trends~that is, the envelope of the peaks for Xe1,
Xe2, Xe3, Xe4, Xe5,...! for the samples with loŵn&Xe , but
deviate drastically from experiment at higher Xe loading
~5.65 and 6.40!.

~c! On close inspection, at loŵn&, the experimental
data have a relatively larger fraction of clusters containing 3,
4, and 5 Xe atoms in the coadsorbed real system, than is
predicted by the hypergeometric distribution. At high^n&,

FIG. 10. The average Xen chemical shifts in mixtures of Xe and Ar in
zeolite NaA, as predicted by the hypergeometric distribution for^n&Xe51.25
and 2.40 are shown as curves. Superimposed are the values from experiment
at ^n&Xe50.81–1.54~s! and for ^n&Xe52.16–2.77~d!.
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the experimental data have a relatively smaller fraction of the
smaller clusters and a larger fraction of the larger clusters up
to Xe7. Experimental fractions of Xe8 are always much
smaller than predicted by the hypergeometric distribution.

~d! The f (n,m) predicted by the hypergeometric distri-
bution can be compared with the GCMC results in Fig. 8.
Although the general shape of the surface is qualitatively
similar, especially for smalln and m, the differences be-
tween the more realistic GCMC distributions and the ideal
mixture distributions become more pronounced at largen.

~e! For the case wherên&5^m& exactly, the fractions
f ( i , j ) and f ( j ,i ) are exactly equal for alliÞ j pairs in the
hypergeometric distribution of blue and red xenon atoms.
That is, if thef ( i , j ) surface is plotted for a given̂n&5^m&,
the contours would be symmetrical about the 45 deg line. For
^n&Xe5^m&Ar , we would like to compare GCMC values of
f ~XeiAr j ! with f ~XejAr i! for all iÞ j and see how it is dif-
ferent from the hypergeometric case. In Fig. 11~a! at low
loading ^n&5^m&;0.8, and Fig. 11~b! at higher loading,
^n&5^m&;3.65 are shown the difference plots
@f ~XeiAr j !–f ~XejAr i!#. In the hypergeometric case the dif-
ference plot of@f ~XeiAr j !–f ~XejAr i!# should be exactly zero
everywhere. The GCMC results, which should be more real-
istic, show which side of the diagonal has positive contours,
that is, those mixed clusters which are favored have slightly
larger fractional occurrence than their counterpart. The com-
parison is made clearer in Table VI where the (i , j ) values
are listed for those sets in which@f ~XeiAr j !–f ~XejAr i!#.0.
The break-even point seems to be when the total number of
particles equals 7. For (i1 j )<7, the mixed clusters with the
larger number of Xe are preferred, for example,f ~Xe4Ar2! is
larger than f ~Xe2Ar4!. The deeper Xe–Xe potential well
leads to the expected preference for Xe–Xe interactions over
Ar–Ar interactions, which make the Xe4Ar2 energetically
more favored than its complement Xe2Ar4 when the loadings
are the same for Xe and Ar. In contrast, red and blue xenon

FIG. 11. The difference surface,@f ~XeiAr j !2f ~XejAr i!#, from GCMC simu-
lations: ~a! for low ^n&Xe>^m&Ar50.86, 0.82 ~b! for medium
^n&Xe>^m&Ar53.65, 3.64. Positive contours are shown as solid curves and
negative contours as dashed curves.

TABLE VI. Positive values of 1003@f ~XeiAr j !2f ~XejAr i!# for a Xe–Ar mixture in zeolite NaA ^n&Xe5^m&Ar53.65, obtained from GCMC simulations.
Shown are the number of Xe and Ar atoms in the cluster and the values of@f ~XeiAr j !2f ~XejAr i!#.0.

i1 j
1 1,0

nonea
0,1
none

2 2,0
none

0,2
none

3 3,0
0.008

2,1
0.005

1,2 0,3

4 4,0
0.06

3,1
0.114

1,3 0,4

5 5,0
0.40

4,1
1.07

3,2
0.67

2,3 1,4 0,5

6 6,0
0.567

5,1
2.25

4,2
3.38

2,4 1,5 0.6

7 7,0
0.117

6,1
0.923

5,2
2.30

4,3
1.10

3,4 2,5 1,6 0,7

8 8,0 7,1 6,2 5,3 3,5
1.42

2,6
1.94

1,7
0.38

0,8
0.01

9 9,0 8,1 7,2 6,3 5,4 4,5
1.70

3,6
2.20

2,7
1.53

1,8
0.22

0,9
0.02

10 10,0
none

9,1 8,2 7,3 6,4 4,6
0.35

3,7
0.50

2,8
0.50

1,9
0.05

0,10
none

11 10,1 9,2 8,3 7,4 6,5 5,6
0.003

4,7
0.007

3,8
0.05

2,9
0.085

1,10
0.000 09

aThese clusters were not observed in this GCMC simulation.
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atoms are completely equivalent in the ideal mixture hyper-
geometric model. GCMC simulations show that cages with 5
to 9 argon atoms favor the clusters with the larger number of
argon atoms compared to its complement since the Ar atoms
are smaller. For example, Xe2Ar7 is favored over Xe7Ar2.
Thus the realistic distributions of the mixed clusters deviate
from the strictly statistical distribution in ways that are easy
to understand.

Does the presence of Ar affect the distribution of Xe
atoms among those cages containing Xe?

As mentioned earlier, the distribution is described by
specifying the fraction of all alpha cages containingn Xe
atoms~irrespective of the number of Ar atoms!, Pn , which
can be obtained when̂n&Xe is known from mass balance. At
loadings ^n&Xe.4.0, P0 is essentially zero andPn is the
same asg(n), the fraction of those cages occupied by at least
one Xe atom. At lower xenon loadings, the experimental
fractionsg(n), being directly obtained from the peak areas,
have less error than the quantitiesPn derived from them.
Therefore we will useg(n) rather thanPn in the following
discussion. We compare in Fig. 12 the experimental values of
g(n) for samples of pure Xe in zeolite NaA and for samples
of mixtures of Xe and Ar in NaA. For reference, we also
include the fractionsg(n) from the hypergeometric distribu-
tion. The hypergeometric distribution gives a reasonably
good representation of the distribution at low^n&Xe but not at
higher values of̂ n&Xe . As was suggested by Ref. 4, the
hypergeometric distribution is a very reasonable model for
arriving at the fractionP0 of empty cages in the pure Xe in
NaA system. It can be observed in Fig. 12 that the distribu-
tions among the filled cages are also reasonably represented
by the hypergeometric distribution for^n&Xe, spectrosc,3, al-
though the systematic deviations are quite clear: the experi-
mental distributions ofg(n) vs ^n&Xe, spectroscare narrower
and more peaked. The results of the GCMC simulations for
Xe–Ar mixtures~not shown! agree very well with the ex-
perimental data for the Xe–Ar system in the shapes of the
g(n) curves and their maxima.

The most striking observation from these experimental
data is that the distribution of the Xe atomsamong those
cages occupied by Xe atomsis hardly affected by whether
there are also Ar atoms in the cages or not. We see that,
within experimental error, the points corresponding tog(n)
for Xe in cages of zeolite NaA that are also occupied by Ar
atoms~d! fall among the points corresponding tog(n) for
Xe in the pure Xe in zeolite NaA system~h!. The differ-
ences between these two types of points do not show a sys-
tematic trend, and indeed, within the scatter of the experi-
mental data, both sets of points could be fitted to curves
resembling the solid curves for the hypergeometric distribu-
tion in shape but having the narrower widths and shifted
maxima that are found in the GCMC results. For the limiting
case of the ideal mixture following the hypergeometric dis-
tribution: ^n&blue, spectroscis completely independent of the
value of^m& red. Also, the individual fractionsg(n) of those
cages occupied by one or more blue particles are exactly the

same for samples with the mixed occupancy^n&blue and
^m& red, for any arbitrary^m& red, including ^m& red50. Once
again, we find that it is convenient to have a model for the
limiting case. The actualg(n) values for Xe in mixtures of
Xe and Ar in zeolite NaA deviate measurably from the val-
ues obtained by the hypergeometric distribution, but the in-
variance of theseg(n) with respect to the overall̂m&Ar ap-
pears to be in agreement with experiment. Other
coadsorbates than Ar could lead to a systematic variation of
g(n) with respect to the overall̂m& that may be large

FIG. 12. Experimental equilibrium distribution of Xe atoms at 300 Kamong
those cages occupied by Xe atoms. Shown are the fractiong(n) of cages
containing Xen in samples of zeolite NaA containing:~h! pure Xe and~d!
a mixture of Xe and Ar. The fractions predicted by the hypergeometric
distribution for eight equivalent lattice sites is shown as the solid curve in
each case.

1726 Jameson, Jameson, and Lim: Competitive adsorption of Xe and Ar in zeolite NaA

J. Chem. Phys., Vol. 104, No. 4, 22 January 1996

Downloaded¬11¬Jan¬2007¬to¬149.132.99.84.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp



enough to observe experimentally. We are currently investi-
gating such examples as CO2 molecules and other coadsor-
bates with Xe in NaA.

The selectivity coefficient and ideal adsorbed
solution theory

The separation factors obtained from GCMC simulations
in the binary mixture can be compared with the theoretical
separation factors that may be obtained from the individual
single-component adsorption isotherms if each component
adsorbed independently of the other. In Fig. 13 we show the
separation factors or selectivity coefficients from GCMC
simulations compared with those calculated from the pure
isotherms using ideal adsorbed solution~IAS! theory. We use
the conventional definition of selectivity as the ratio of the
mole fractions in the zeolite to the ratio of the mole fractions
in the bulk.19,46

SXe,Ar5
xXe /xAr
yXe /yAr

or
$^n&Xe /^m&Ar%

$rXe /rAr%
.

We calculated the spreading pressurep, or rather (pA/RT),
by integration,

~pA/RT!5E
0

p

^n&Xe~p!
dp

p

for the pure components using the adsorption isotherms from
the GCMC simulations of the pure Xe and pure Ar in zeolite
NaA. Then from the plots of (pA/RT) vs p we obtain at a
given total pressure the mole fractionsxXe and yXe .

19 The

agreement of the IAS curves with the actual GCMC results
~shown in Fig. 13! for mixtures of Xe and Ar in NaA is
reasonably good. In previous applications, IAS theory had
been successful when the molecular volumes of the two
components are nearly the same and/or at low
loading.9,12,18,47 Neither of these conditions hold for our
Xe–Ar mixtures in NaA. Xe and Ar have very different mo-
lecular volumes in our samples ranging from 2.0 to 6.4 at-
oms per cage. Nevertheless the GCMC results and the pre-
dictions of IAS theory in this case are in reasonably good
agreement. The same deviations of the GCMC results from
IAS theory at high loading are obtained using a particle in-
sertion scheme~suggested by Mezei48! that is more efficient
for high densities than the standard Norman–Filinov scheme.
The results of this cavity-biased sampling method are also
shown in Fig. 13.

CONCLUSIONS

We have investigated the Xe–Ar mixture in zeolite NaA
as a model system for competitive adsorption in microporous
solids. For the first time it has been possible to determine
experimentally the average number of molecules of the sec-
ond sorbate occupying the same cage asn atoms of the first
sorbate. The Xen clusters are trapped in the alpha cages of
this zeolite for times sufficiently long that it is possible to
observe individual peaks in the NMR spectrum for each clus-
ter while the Ar atoms are in fast exchange between the
cages and also with the gas outside. The129Xe nuclear mag-
netic resonance spectra of 12 samples of varying Xe and Ar
loadings provide detailed information in the form of129Xe
chemical shifts and the intensities of the peaks which are
dependent on the average argon and xenon occupancies. Al-
though the detailed distributions,@f ~XenArm!, the fractions
of cages containingn Xe atoms andm Ar atoms# have not
been observed directly in this system, this information is
convoluted into both the observed129Xe chemical shifts for
the Xen peaks and the observed distributionsPn , the fraction
of cages containingn Xe atoms regardless of the number of
Ar atoms. Therefore, these two types of observables provide
critical tests for computer simulations off ~XenArm!. Grand
canonical Monte Carlo simulations of mixtures of Xe and Ar
in a rigid zeolite NaA lattice provide the detailed distribu-
tions and the average cluster shifts, as well as the distribu-
tionsPn . The agreement with experiment is reasonably good
for all 12 samples. The absolute chemical shifts for all the
Xen peaks observed at 300 K in the 12 samples, spanning a
200 ppm range, are well reproduced by the GCMC simula-
tions.

We have also derived a strictly statistical model of a
binary mixture from the hypergeometric distribution, in
which the component atoms are distinguishable but equiva-
lent in competition for eight lattice sites per cage under mu-
tual exclusion. This simple model provides a limiting case
with which both the GCMC simulations and the actual
Xe–Ar system may be compared. This model is found to be
very helpful in understanding the experimental observations,
for the strictly statistical components of the observed trends

FIG. 13. The selectivity coefficientsSXeAr obtained from GCMC simula-
tions by the Norman–Filinov method described in the text and by a cavity-
biased sampling method due to Mezei~Ref. 48! ~CBGCMC! are compared
with the predictions of IAS theory from the adsorption isotherms of pure Xe
and Ar. The mole fraction of Ar in the gas phase isyAr50.9 ~n, m! and
yAr50.5 ~s, d! and all simulations are at 300 K.
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in both the distributions and the129Xe chemical shifts of the
Xen peaks can be determined separately and treated in the
limiting case of an ideal mixture. Deviations from the ideal
mixture behavior are then separately examined, providing
additional insight.

This study provides a paradigm for coadsorption in zeo-
lites over a wide range of loadings for adsorbates that have
different molecular volumes, providing insight into the dis-
tributions of the two types of sorbatesamong the cagesas
well as their distributionswithin a cage. In this particular
system, and indeed in any other system in which the Xe has
long residence times while the coadsorbate is fast exchang-
ing between cages, the129Xe chemical shift and the intensity
of each Xen peak are quantitative measures of both types of
distributions.
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